Rigorous coupled-channel quantum scattering calculations on molecular collisions in external fields are computationally demanding due to the need to account for a large number of coupled channels and multiple total angular momenta J of the collision complex. We show that by restricting the number of total angular momentum basis states to include only the states with helicities K ≤ K max it is possible to obtain accurate elastic and inelastic cross sections for He + CaH, Li + CaH and Li + SrOH collisions at a small fraction of the computational cost of the full coupled-channel calculations (where K is the projection of the molecular rotational angular momentum on the atom-diatom axis). The optimal size of the truncated helicity basis set depends on the mechanism of the inelastic process and on the magnitude of the external magnetic field.
K ≤ K max it is possible to obtain accurate elastic and inelastic cross sections for He + CaH, Li + CaH and Li + SrOH collisions at a small fraction of the computational cost of the full coupled-channel calculations (where K is the projection of the molecular rotational angular momentum on the atom-diatom axis). The optimal size of the truncated helicity basis set depends on the mechanism of the inelastic process and on the magnitude of the external magnetic field.
For dipolar-mediated spin relaxation in ultracold Li + CaH and Li + SrOH collisions, we find that a minimal helicity basis set (K max = 0) gives quantitatively accurate results at ultralow collision energies, leading to nearly 90-fold gain in computational efficiency. Larger basis sets are required to accurately describe the resonance structure in Li + CaH and Li + SrOH inelastic cross sections in the few partial wave-regime (K max = 3) as well as indirect spin relaxation in He + CaH collisions (K max = 1). Our calculations indicate that the resonance structure is due to an interplay of the spin-rotation and Coriolis couplings between the basis states of different K and the couplings between the rotational states of the same K induced by the anisotropy of the interaction potential.
I. INTRODUCTION
Steady experimental advances in molecular cooling and trapping [1] [2] [3] [4] [5] have led to the production of trapped ensembles of molecules in precisely defined internal states at temperatures below 1 K, which are being actively used to study molecular collision dynamics at ultralow temperatures [6] [7] [8] . These studies explore the new regimes of quantum dynamics intrinsic to low-temperature molecular scattering, including Wigner threshold laws, scattering resonances [9] [10] [11] , and tunnelling [12] [13] [14] . Another remarkable aspect of ultracold molecular collisions is the capability to control their outcome with external electromagnetic fields 4, [13] [14] [15] [16] [17] [18] [19] [20] .
A rigorous theoretical description of two-body collisions in ultracold molecular gases in the presence of external fields is essential for interpreting the results of experimental measurements on trapped molecules and atom-molecule mixtures 4, 20 . While elastic collisions between trapped molecules are desirable as they lead to thermalization, inelastic collisions release the energy stored in the molecule's internal degrees of freedom, thereby reducing the efficiency of sympathetic and evaporative cooling of molecular gases 4, 20 . It is therefore essential to be able to estimate the low-temperature collisional properties of molecular gases and atom-molecule mixtures from first principles based on the solution of multichannel Schrödinger equation for the collision complex 4, 13, 14, 20 .
The numerical solution of the multichannel Schrödinger equation for molecular collisions in the presence of external fields poses a challenging computational problem due to an extremely large density of states inherent to most molecular collision complexes [20] [21] [22] [23] [24] . This problem arises due to the strong and anisotropic intermolecular interactions, which couple a large number of low-energy rotational channels [20] [21] [22] [23] [24] . Taking advantage of the symmetry of the collision complex by using the eigenstates of its total angular momentum as a basis provides an efficient way to handle the anisotropic interactions, leading to a dramatic reduction in the number of scattering channels 20, 25 . The ensuing reduction of the computational cost has opened up the possibility to perform converged coupled-channel (CC) 
where r is the internuclear Jacobi vector of the diatomic molecule, R = |R|, r = |r|, and θ is the angle between R and r. In Eq. (1),Ŝ a andŜ stand for the electron spins of the atom and the molecule, µ andĴ are the reduced mass and the total angular momentum of the atom-molecule collision complex, N is the rotational angular momentum of the diatomic molecule (see below) andV (R, r) is the atom-molecule interaction potential, including both the electrostatic and magnetic dipole-dipole interactions (for S a = 0).
The asymptotic HamiltonianĤ as =Ĥ at +Ĥ mol describes the threshold structure of the collision complex in the limit R → ∞. 
where B e is the rotational constant of the molecule,N is the rotational angular momentum, S is the electron spin,Ŝ Z is the projection ofŜ on the magnetic field axis (the space-fixed (SF) quantization axis), µ 0 is the Bohr magneton, and γ is the spin-rotation constant 41 .
In what follows we will assume that the internuclear distance in the diatomic molecule r is fixed at its equilibrium value r e , which is a good approximation if the atom-molecule interaction potentialV (R, θ) depends on r only weakly (true for He-CaH 42 and alkali-SrF interactions 43 ). Finally, the Hamiltonian of the 2 S atom is given by (neglecting the hyperfine
where the operatorŜ a Z gives the projection ofŜ a on the SF quantization axis. Equation (2) represents the simplest 
where Ω, K, Σ, and Σ a are the projections ofĴ,N,Ŝ, andŜ a on the BF quantization axis z (denoted collectively by α); The radial expansion coefficients F M αJΩ (R), which carry information about scattering observables, may be found by solving the CC equations
where E is the total energy. The matrix elements of the interaction potential, orbital angular momentum and the asymptotic Hamiltonian on the right-hand side of Eq. (6) The size of the basis set is controlled by the truncation parameters J max and N max , which give the maximum values of the total angular momentum J and rotational angular momentum N in the basis set.
We integrate the CC equations using the modified log-derivative method 47 to obtain the log-derivative of the multichannel scattering wavefunction in the asymptotic region, where the atom-molecule interaction potential is negligible compared to the centrifugal potential and to the collision energy. The log-derivative matrix is then transformed to the SF representation and to a basis, which diagonalizes the asymptotic Hamiltonian 25 . As a final step, matching the transformed log-derivative matrix to the Riccati-Bessel functions and their derivatives 25, 48 yields the S-matrix elements, from which the scattering cross sections are obtained using standard expressions 25 . The calculated scattering cross sections are converged to < 10% with respect to the basis set and radial grid parameters. Table I lists the values of the convergence parameters for the atom-molecule collision systems studied in this work.
To describe truncated helicity basis sets, we introduce an additional parameter K max , which gives the maximum value of the helicity in the BF basis (5). The maximum possible value of K max is given by min(N max , J max +S+S a ), which corresponds to full CC calculations. Table II lists the numbers of BF basis functions for the atom-molecule collision systems studied here as a function of K max . The size of the basis set decreases substantially with decreasing K max , leading to a substantial reduction of the number of scattering channels at low K max . Since the computational cost of CC calculations scales as N 3 with the number of scattering channels N, using basis sets with small K max can result in nearly two orders of magnitude reduction of the computational cost.
A priori, it is not clear whether truncation of the full helicity basis set can lead to quantitatively accurate results for low-temperature atom-molecule collisions in a magnetic field.
Indeed, limiting the number of K-states in the basis set affects the matrix elements of Kdependent interactions in the molecular Hamiltonian, such as the spin-rotation interaction
the atom-molecule interaction potential
and the squared orbital angular momentum of the atom-molecule complex
where C i are angular momentum coefficients that generally depend on J, Ω, N, Σ, and K (see Ref. 25 for explicit expressions). Note that the spin-rotation interaction (Eq. 7) as well as the centrifugal term (Eq. 9) couple the basis functions with
whereas the atom-molecule interaction potential (Eq. 8) is diagonal in K.
25
The above expressions suggest that truncation of the helicity basis is expected to produce quantitatively accurate results if the matrix elements of the spin-rotation interaction, the atom-molecule interaction potential, and of the centrifugal term omitted from the basis are much smaller in absolute magnitude than the matrix elements retained in the basis. In the following we will examine the effect of basis set truncation on the scattering observables for ultracold He + CaH, Li + CaH, and Li + SrOH collisions in a magnetic field.
III. RESULTS AND DISCUSSION

A. He + CaH collisions
In this section, we present the results of restricted basis set CC calculations of the elastic and spin relaxation cross sections for He + CaH collisions in the presence of an external magnetic field. He + CaH is a prototype weakly anisotropic collision system explored in a number of previous theoretical studies 17,25,49,50 using rigorous CC methods and an accurate ab initio PES. These theoretical calculations were in semi-quantitative agreement with experimental measurements of collision-induced spin relaxation rates of magnetically trapped
CaH molecules at 0.5 K 51 .
Figure 1(a) shows the cross sections for elastic scattering and inelastic relaxation in
He+CaH collisions as a function of the collision energy. We focus on the spin-flipping tran- studies. Here, M S is the projection of the molecular spin onto the magnetic field axis.
The inelastic cross sections are 6 orders of magnitude smaller than the elastic cross section shown in the inset of G). In particular, K max = 1 calculations strongly overestimate the full CC results in the vicinity of the 2 mK shape resonance. As expected, the results computed with restricted basis sets gradually converge to the full CC limit with increasing K max , although as illustrated in Fig. 2 (b) the convergence can be slow. We attribute this to the presence of a scattering resonance in the inelastic cross section, which occurs in the multiple partial-wave regime near B = 100 G. As shown below, the resonance is mediated by the spin-rotation and the centrifugal couplings, which connect basis functions with K ′ = K ± 1, and the matrix elements of the interaction potential, which is diagonal in K.
As shown in our previous work A different trend is observed in the multiple partial wave regime (E C = 10 −3 K) in Fig. 3 (b) . While the inelastic cross section displays a smooth magnetic field dependence below 50 G, a resonance pattern is observed at higher magnetic fields. The figure shows that the convergence with respect to K max slows down at higher magnetic fields, and especially in the vicinity of scattering resonances. Restricted basis set calculations using small basis sets do not reproduce the details of the resonance structure, which requires basis sets with K max ≥ 3, at which point restricted basis set calculations become nearly as computationally expensive as full CC calculations (see Table II ).
The slow convergence with respect to K max indicates that the matrix elements between the K-states omitted from the basis set are essential for the proper description of the resonance structure in Fig. 3(b) . As discussed at the end of Sec. IIC, these matrix elements can involve either (1) the spin-rotation interaction (Eq. 7), (2) the magnetic dipole-dipole interaction, (3) the atom-molecule interaction potential (Eq. 8), and (4) the squared orbital angular momentum operator (or the centrifugal term, see Eq. 9).
To identify which of these terms is responsible for the resonance structure shown in Fig. 3(b) , we carried out test calculations omitting the matrix elements of the specific terms (1)- (4) The error due to the truncation of the helicity basis set may be further subdivided into the errors due to the neglect of the diagonal and off-diagonal matrix elements between the basis functions with K > K max of the spin-rotation and centrifugal interactions. To eliminate the diagonal error for these terms, we performed additional calculations using a complete helicity basis set but neglecting the off-diagonal couplings between the states of different K, thereby invoking the helicity-conserving CS approximation 33, 34 . The results are shown in Fig. 5 . We observe that the resonance profiles are sensitive to the off-diagonal matrix elements of the spin-rotation interaction and those of the centrifugal term. Remarkably, while omitting the off-diagonal matrix elements of the spin-rotation interaction splits the resonance peak in two narrower peaks, neglecting the Coriolis coupling completely sweeps out the resonance profile as seen in Fig. 5(b) . This is in line with a previous CS study of the chemical reaction F+HCl, which demonstrated the inability of the CS approximation to describe the resonance structure in low-energy reaction cross sections 37 . We conclude that a fully quantitative description of the magnetic resonance structure in Li + CaH spin relaxation collisions requires not only a nearly-complete helicity basis, but also the proper inclusion of all couplings between the different K states in the scattering Hamiltonian.
C. Li + SrOH collisions
Thus far we have applied helicity basis truncation to ultracold collisions of S-state atoms with a light molecule (CaH). fields, the same is true for the inelastic cross sections shown in Fig. 6(b) . However, the situation changes when the magnetic field is increased: As shown in Fig. 6(c) , minimalbasis-set results overestimate the accurate CC cross section by a factor of 2-3 depending on the collision energy. Obtaining fully converged results at higher magnetic fields (B = 1000 G)
requires larger helicity basis sets with K max ≥ 2. The computational gain achieved in this case is modest (see Table I ). Figure 7 shows the magnetic field dependence of the cross sections for spin relaxation in ultracold Li(↑) + SrOH(↑) collisions in the s-wave regime. The cross sections increase monotonously with magnetic field at low fields (B < 500 G) and display a resonance structure at higher fields. The background values of the inelastic cross sections at low fields can be accurately described with K max ≤ 1 basis sets at only a small fraction of the computational cost of the full CC calculations (see Table I ). Reproducing the details of the resonance structure in the inset of Fig. 7 requires larger basis sets K max ≥ 2, suggesting the importance of the rotational and Coriolis interactions in determining the resonance structure (see
Sec. IIIB above).
It is instructive to compare the overall performance of restricted helicity basis sets applied 
IV. SUMMARY AND OUTLOOK
We have explored the use of truncated helicity basis sets to enhance the computational efficiency of quantum scattering calculations of ultracold atom-molecule collisions in the presence of an external magnetic field. We have demonstrated that accurate elastic and inelastic cross sections for cold He + CaH, Li + CaH, and Li + SrOH collisions can be obtained with a limited number of K-states in the basis set. This leads to substantial, 10-100 fold gains in computational efficiency over the full CC calculations (see Table II ) for heavy, strongly anisotropic atom-molecule collision complexes such as Li-CaH and Li-SrOH.
The rate of convergence of restricted basis set calculations towards the exact (full CC)
results is an important factor that determines the computational advantage of using truncated helicity basis sets. We found that this rate generally depends on the collision system under consideration, the collision energy and on the magnitude of the external magnetic field. The fastest convergence is observed for elastic cross sections: As shown in Figs. 1,   2 , and 6, quantitative accuracy can be achieved away from the resonance region with a minimal basis set (K max = 0) over wide range of collision energies for all of the collision systems studied here. The spin relaxation cross sections for Li + CaH and Li + SrOH in the s-wave regime also display extremely rapid convergence with respect of K max as shown in
Figs. 3(a) and 7. In these regime, we achieve computational gains on the order of 10-100 (see Table II In summary, our results demonstrate that CC calculations employing restricted helicity basis sets can be used to obtain accurate atom-molecule scattering cross sections over a wide range of collision energies and magnetic fields at a fraction of the computational cost of the fully rigorous CC calculations (see Table II ). However, this technique converges much more slowly in the presence of scattering resonances, and hence must be used with caution when applied to calculate the resonance positions and widths.
In future work, it would be interesting to explore the performance of truncated helic- 
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